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b Dipartimento di Matematica, Università di Torino, Via Carlo Alberto 10, 10123 Torino, Italy

Received 18 November 2004; received in revised form 8 April 2005; accepted 22 April 2005
Available online 31 May 2005

Abstract

In this paper we apply the hyper-Kähler quotient construction to Lie groups with a left invariant
hyper-K̈ahler structure under the action of a closed abelian subgroup by left multiplication. This
is motivated by the fact that some known hyper-Kähler metrics can be recovered in this way by
considering different Lie group structures onHp ×Hq (H: the quaternions). We obtain new complete
hyper-K̈ahler metrics on Euclidean spaces and give their local expressions.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Hyper-Kähler manifolds, which generalize the notion of Kähler manifolds, appear related
to solutions of well-known equations in mathematical physics. A hyper-Kähler metric on a
manifoldM is a Riemannian metricg which is Kähler with respect to two anticommuting
complex structuresJ1 andJ2 on M.
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It is not easy to obtain explicit examples of such manifolds. Hyper-Kähler reduction
[8] allows to construct hyper-K̈ahler manifolds from others admitting a group acting by
tri-holomorphic isometries. Families of 4n-dimensional hyper-K̈ahler quotients with a tri-
holomorphicT n-action were constructed in[5,2]. In particular, in[2] the geometry and
topology of hyper-K̈ahler quotients ofHd by subtori ofT d has been studied.

The hyper-K̈ahler quotient construction has been also applied in[4] to the flat spaceHd

to obtain some monopole moduli space metrics in explicit form using[10,15], for instance
the Taubian-Calabi[16] and the Lee–Weinberg–Yi metric[11]. These are constructed by
considering the following actions ofR onH×Hm (resp.Rm onHm ×Hm):

R×H×Hm → H×Hm, (t, (q,w1, . . . , wm)) → (t + q,eitw1, . . . ,e
itwm),

R
m ×Hm ×Hm → H

m ×Hm, ((t1, . . . , tm), (q1, . . . , qm,w1, . . . , wm))

→ (t1 + q1, . . . , tm + qm,e
i〈θ1,T 〉w1, . . . ,e

i〈θm,T 〉wm),

whereθ ∈ GL(m,R), T = (t1, . . . , tm), θβ are the rows ofθ and〈, 〉 is the Euclidean inner
product inRm. The first action gives rise to the Taubian-Calabi metric, which coincides with
the Taub-Nut metric forq = 1, and the second one corresponds to the Lee–Weinberg–Yi
metric. We show that in both cases the metric can be recovered by endowingH×Hm (resp.
H
m ×Hm) with a hyper-K̈ahler Lie group structure and taking the quotient with respect to

a suitable closed abelian subgroup.
In the present work we study hyper-Kähler quotients starting from a Lie groupG with

a left invariant hyper-K̈ahler structure. Such a group is necessarily flat since it is Ricci
flat and homogeneous (see[1]). It follows from [12] thatG must be two-step solvable and
whenG is simply connected,G is a semidirect product of the formHp �θ Hq, whereθ is
a homomorphism fromHp to T q, a maximal torus in Sp(q) (seeProposition 3.1and(13)).
This leads us to get a characterization of hyper-Kähler Lie groups.

We take a connected closed abelian subgroupRl (l ≤ p) of Hp which acts onG by left
translations, hence the action is free and the moment map has no critical points. This action
is tri-Hamiltonian, therefore the hyper-Kähler quotient construction[8] can be applied. We
prove that the metric obtained on the hyper-Kähler quotient is complete and the quotient
is diffeomorphic to an Euclidean space. Since theRl-action commutes with an action of
the torusT q, if l = p the 4q-dimensional hyper-K̈ahler quotient admits a tri-holomorphic
T q-action. Such action has a unique fixed point whenp = q. In this way we obtain new com-
plete hyper-K̈ahler metrics which generalize the Taubian-Calabi and the Lee–Weinberg–Yi
metrics. Using the same method as in[4,15,10], we obtain a local expression of the hyper-
Kähler quotient metrics. This expression is given in terms of the structure constants of the
corresponding Lie groupHp �θ Hq.

2. Preliminaries

Let (g, g) be a metric Lie algebra, that is,g is a Lie algebra endowed with an inner
productg. The Levi–Civita connection associated to the metric can be computed by

2g(∇XY,Z) = g([X, Y ], Z) − g([Y,Z], X) + g([Z,X], Y ), (1)

for anyX, Y,Z in g.
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A hypercomplex structure ong is a triple of complex structures{Jα}α=1,2,3 satisfying
the quaternion relations

J2
α = −id, α = 1,2,3, J1J2 = −J2J1 = J3,

together with the vanishing of the Nijenhuis tensorNα(X, Y ) = 0, for anyX, Y ∈ g and
α = 1,2,3. Here, the Nijenhuis tensor stands for

Nα(X, Y ) = Jα([X, Y ] − [JαX, JαY ]) − ([JαX, Y ] + [X, JαY ]),

whereX, Y ∈ g.
Let g be a Lie algebra endowed with a hypercomplex structure{Jα}α=1,2,3 and an inner

productg, compatible with the hypercomplex structure, that is

g(X, Y ) = g(J1X, J1Y ) = g(J2X, J2Y ) = g(J3X, J3Y ),

for all X, Y ∈ g. We will say that (g, {Jα}, g) is a hyper-K̈ahler Lie algebra when (g, Jα, g)
is a Kähler Lie algebra, for eachα, that is,∇Jα = 0, where∇ is the Levi–Civita connection
of g. This is equivalent to dωα = 0, whereωα are the associated Kähler forms defined by
ωα(X, Y ) = g(JαX, Y ), X, Y ∈ g.

If G is a Lie group with Lie algebrag then the above structures ong can be left translated
to all of G obtaining invariant hyper-K̈ahler structures onG.

Note that a Lie group with an invariant hyper-Kähler structure is necessarily flat since a
hyper-K̈ahler metric is Ricci flat and in the homogeneous case, Ricci flatness implies flatness
(see[1]). Examples of non commutative Lie groups carrying a flat invariant metric are given
by T k �Rm whereT k is a torus in SO(m). The next proposition, which is a consequence
of the characterization of flat Lie algebras given in[12], shows that this family of examples
essentially exhausts the class (see also[3]). This will allow us to give a characterization of
hyper-K̈ahler Lie algebras as a special class of subalgebras ofR

s × e(4q), wheree(4q) =
so(4q)�R4q is the Euclidean Lie algebra.

Proposition 2.1 (Milnor [12]). Let (g, g) be a flat Lie algebra. Then g decomposes orthog-
onally as

g = z(g) ⊕ h⊕ g1,

where z(g) is the center of g, h is an abelian Lie subalgebra, the commutator ideal g1 is
abelian and the following conditions are satisfied:

(i) ad : h→ so(g1) is injective and g1 is even dimensional;
(ii) adX = ∇X for any X ∈ z(g) ⊕ h.

In particular, g is isomorphic to a Lie subalgebra of Rs × e(g1), where s = dim z(g).
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Proof. By [12] a flat Lie algebra (g, g) decomposes orthogonally as

g = h⊕ b, (2)

whereh is an abelian Lie subalgebra,b is the abelian ideal defined by{B ∈ g : ∇B = 0}
and

adX : b→ b

is skew-symmetric, for anyX ∈ h. Note that the above conditions imply that adX is skew-
symmetric ong for anyX ∈ h, hence,

adX = ∇X, for any X ∈ h. (3)

The above equation and the choice ofb imply

ad :h→ so(g) (4)

is injective.
We notice next that the decomposition(2) implies thatg1 ⊆ b, henceb decomposes

orthogonally as

b = v⊕ g1.

We show below thatv = z(g), wherez(g) denotes the center ofg. In particular,g will
decompose orthogonally as

g = z(g) ⊕ h⊕ g1,

with h andg1 abelian and such that (i) holds. To show thatg1 is even dimensional, assume
that dimg1 = 2m+ 1. Since adX, X ∈ h, is a commutative family of endomorphisms in
so(2m+ 1), they are conjugate to elements in a maximal abelian subalgebra ofso(2m+ 1),
hence there existsZ ∈ g1 such that adX(Z) = 0 for anyX ∈ h, thereforeZ ∈ z(g) ∩ g1, a
contradiction.

Since adX : g1 → g1 is skew-symmetric, for anyX ∈ h, then it preservesv. Therefore,
[X, v] ⊂ v ∩ g1 = 0 forX ∈ h andv ⊂ z(g) follows. On the other hand, ifY ∈ z(g), then:

0 = g([Y,X], U) = g(Y, [X,U]),

for everyX ∈ h, U ∈ g1, that is,z(g) ⊥ g1 sinceg1 = [h, g1]. From z(g) ∩ h = 0 one has
thatv = z(g).

Finally, using(1) one can compute∇Y = 0 for Y ∈ z(g). This together with(3) implies
(ii) and the proposition follows. �

We will say that two flat Lie algebras (g1, g1) and (g2, g2) are equivalent if there exists an
orthogonal Lie algebra isomorphismη : g1 → g2. Note thatη : z(g1) → z(g2), η : g11 → g12
and thereforeη : h1 → h2 (seeProposition 2.1). Let adi : hi → so(g1i ), i = 1,2, be the
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corresponding injective maps induced by the adjoint representation ongi. Then the following
diagram is commutative:

whereIη denotes conjugation byη. It follows fromProposition 2.1that every flat Lie algebra
with 2m-dimensional commutator ands-dimensional center is equivalent toRs × Rk �ρ
R

2m, whereρ : Rk → so(2m) is injective,ρ(Rk)R2m = R2m, the only non zero Lie brackets
being

[X, Y ] = ρ(X)Y, X ∈ Rk, Y ∈ R2m.

Given a flat Lie algebraRs × (Rk �ρ R2m), the family{ρ(T ) : T ∈ Rk} ⊆ so(2m) is an
abelian subalgebra, then it is conjugate by an element in SO(2m) to a subalgebra of the
following maximal abelian subalgebra ofso(2m):

tm =







0 −φ1

φ1 0

...

0 −φm
φm 0




: φα ∈ R




with respect to an orthonormal basis{f1, . . . , f2m} of R2m. In particular,k ≤ m and we
may assume that any flat Lie algebra is equivalent to a Lie algebra such thatρ(Rk) ⊂ tm.

Let θ = (θαβ) be the realm× k matrix of rankk such that

ρ(eα) =




0 −θα1
θα1 0

...

0 −θαm
θαm 0



, 1 ≤ α ≤ k, (5)

where{e1, . . . , ek} is an orthonormal basis ofRk. The conditionρ(Rk)R2m = R2m is equiv-
alent to the fact that every rowθβ of θ is non zero.

We introduce some notation that will be needed in the next result. LetM(k,m; k) be the
set ofm× k real matrices of rankk. M(k,m; k) can be embedded in End(Rk, so(2m)) by
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means of the inclusionρ:

M(k,m; k) ↪→ End(Rk, so(2m)), θ 
→ ρθ,

whereρθ is as in(5). We identifyM(k,m; k) with its image underρ and let O(k) × O(2m)
act onM(k,m; k) as follows:

O(k) × O(2m) ×M(k,m; k) → M(k,m; k), (A,B, ρθ) 
→ Bρ(θA)B
−1, (6)

whereBρθB−1 ∈ End(Rk, so(2m)) is defined byBρθB−1(T ) = Bρθ(T )B−1, T ∈ Rk. It
follows from the definition of equivalence between flat Lie algebras that

R
k
�ρθ R

2m ∼= Rk �ρθ′ R2m

if and only if ρθ andρθ′ lie in the same O(k) × O(2m)-orbit.
The next proposition summarizes the above results and gives the classification of flat Lie

algebras that will be needed in the next section (see also[9]).

Proposition 2.2. Let (g, g) be a flat Lie algebra, dim g1 = 2m, dim z(g) = s. Then there
exists θ = (θαβ) ∈ M(k,m; k) such that θβ �= 0 for every 1 ≤ β ≤ m and g decomposes
orthogonally as

g ∼= Rs × (Rk �ρθ R
2m),

where Rk �ρθ R
2m has an orthonormal basis {e1, . . . , ek, f1, . . . , f2m} and T ∈ Rk acts

on R2m in the following way:

ρθ(T ) =




0 −〈T, θ1〉
〈T, θ1〉 0

...

0 −〈T, θm〉
〈T, θm〉 0



, (7)

where 〈 , 〉 denotes the Euclidean inner product on Rk. Moreover,

R
k
�ρθ R

2m ∼= Rk �ρθ′ R2m

as flat Lie algebras if and only if ρθ and ρθ′ lie in the same O(k) × O(2m)-orbit under the
action (6).
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Remark. Note that the Lie algebraRk �ρθ R
2m is a Lie subalgebra of the Euclidean Lie

algebrae(2m):

R
k
�ρθ R

2m ↪→ e(2m), (T,W) 
→
(
ρθ(T ) W

0 0

)
,

T ∈ Rk,W ∈ R2m. However, the inner product onRk �ρθ R
2m does not coincide with the

one induced frome(2m).

The next corollary follows from the description given inProposition 2.2.

Corollary 2.1. Any even dimensional flat Lie algebra is Kähler flat.

Proof. Let gθ = Rs × (Rk �ρθ R
2m) be as inProposition 2.2and letJ be the orthogonal

endomorphism ofgθ, leavingRs × Rk invariant and such thatJ2 = −id, Jf2i+1 = f2i,
i = 0, . . . , m− 1. The integrability ofJ, that is, the vanishing ofNJ , follows from
ρθ(T )J = Jρθ(T ), for any T ∈ Rk. Moreover,∇J = 0 since∇T = ρθ(T ), for T ∈ Rk.
Therefore (g, J, g) is Kähler flat. �

3. Hyper-Kähler Lie groups

In this section we shall applyProposition 2.1to give a characterization of the Lie algebras
carrying a hyper-K̈ahler structure ({Jα}, g).

Proposition 3.1. Let (g, {Jα}, g), α = 1,2,3, be a hyper-Kähler Lie algebra. Then g
decomposes orthogonally as

g = t⊕ g1, z(g) ⊂ t,

with both t and g1 abelian and Jα-invariant, α = 1,2,3, such that

(i) adXJα = JαadX, for any X ∈ t, α = 1,2,3;
(ii) g(adXY,Z) + g(Y,adXZ) = 0, for any X ∈ t, Y, Z ∈ g.

Proof. Since a hyper-K̈ahler Lie algebra is flat[1], g decomposes orthogonally as
g = z(g) ⊕ h⊕ g1 and the conditions inProposition 2.1are satisfied. Set

t = z(g) ⊕ h.

We show next that if (g, {Jα}, g),α = 1,2,3, is a hyper-K̈ahler Lie algebra thent andg1 are
Jα-invariant,α = 1,2,3, and condition (i) is satisfied. Observe that ifX ∈ t andB ∈ g1,
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using that∇Jα = 0 and (ii) ofProposition 2.1, one has

Jα[X,B] = Jα∇XB = [X, JαB],

therefore, (i) follows. Sinceg1 = [h, g1], the above equation also implies thatg1 is Jα-
invariant and the decompositiont⊕ g1 satisfies the desired properties.�

We will say that two hyper-K̈ahler Lie algebras (g, {Jα}, g) and (g′, {J ′
α}, g′) are equiva-

lent if there exists an equivalenceη of metric Lie algebras such thatηJα = J ′
αη,α = 1,2,3.

Consider the hypercomplex structure on

H
q = {(W1, . . . ,Wq) : Wα = uα + yαi+ zαj + wαk : uα, yα, zα,wα ∈ R}

given by right multiplication by−i,−j,−k:

J1 = R−i, J2 = R−j, J3 = R−k.

We identifyHq ∼= R4q with the Euclidean metric and we let Sp(q) = O(4q) ∩ GL(q,H),
where

GL(q,H) = {T ∈ GL(4q,R) : TJα = JαT, α = 1,2,3}.

Let tq be the following maximal abelian subalgebra of the Lie algebrasp(q) of Sp(q):

tq =







0 −φ1 0 0

φ1 0 0 0

0 0 0 −φ1

0 0 φ1 0

...

0 −φq 0 0

φq 0 0 0

0 0 0 −φq
0 0 φq 0




: φi ∈ R




. (8)

We obtain the analogue ofProposition 2.2by arguing as before. Observe that, in this case,
R
s × (Rk �ρθ H

q) ∼= Rs × (Rk �ρθ′ H
q) as hyper-K̈ahler Lie algebras if and only ifρθ and

ρθ′ lie in the same Sp(p) × Sp(q)-orbit, wheres+ k = 4p and the action of Sp(p) × Sp(q)
is the analogue of(6).

Proposition 3.2. Let (g, {Jα}, g) be a hyper-Kähler Lie algebra with dimg1 = 4q and
dim z(g) = s. Then there exists θ = (θαβ) ∈ M(k, q; k), with s+ k = 4p, such that θβ �= 0
for 1 ≤ β ≤ q and

g ∼= Rs × (Rk �ρθ H
q).
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R
k
�ρθ H

q is the Lie algebra with orthonormal basis

{er,1 ≤ r ≤ k, fa, fai, faj, fak,1 ≤ a ≤ q}

such that T ∈ Rk acts on Hq by

ρθ(T ) =



ρ1
θ (T )

...

ρ
q
θ (T )


 , (9)

where

ρ
β
θ (T ) =




0 −〈T, θβ〉 0 0

〈T, θβ〉 0 0 0

0 0 0 −〈T, θβ〉
0 0 〈T, θβ〉 0




and 〈 , 〉 denotes the Euclidean inner product on Rk. The Lie algebra Rs × (Rk �ρθ H
q) is

hyper-Kähler with its natural hypercomplex structure,obtained by extendingR−i, R−j, R−k
on Hq by any triple of complex endomorphisms on Rs × Rk satisfying the quaternion
relations, and the canonical inner product. Moreover,

R
s × (Rk �ρθ H

q) ∼= Rs × (Rk �ρθ′ H
q)

as hyper-Kähler Lie algebras if and only if ρθ and ρθ′ lie in the same Sp(p) × Sp(q)-orbit.

3.1. Examples

As a consequence ofProposition 3.2we have that there is a one parameter family of
eight-dimensional hyper-K̈ahler Lie algebrasgθ:

gθ
∼= R3 × (R�θ H), (10)

whereR�θ H has an orthonormal basis{e1, f1, f1i, f1j, f1k} ande1 acts onH as follows:

ρθ(e1) =




0 −θ
θ 0

0 −θ
θ 0


 .

Note that these are pairwise non equivalent flat metric Lie algebras for different values of
θ, but they are isomorphic as Lie algebras forθ �= 0.

In dimension 12 there are infinitely many non isomorphic Lie algebra structures admitting
hyper-K̈ahler metrics. In fact, for a fixed real numbers �= 0 we definegs = R3 × (R�s H2),
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whereR�s H2 has an orthonormal basis as in the statement ofProposition 3.2with e1 acting
onH2 as follows:

ρs(e1) =




0 −1

1 0

0 −1

1 0

0 −s
s 0

0 −s
s 0



.

It turns out thatgs andgr are non isomorphic fors �= r.
We describe now the Lie bracket ongθ = Rk �ρθ Hq:

[(X,W), (X′,W ′)] = (0, i(〈X, θ1〉W ′
1− 〈X′, θ1〉W1), . . . , i(〈X, θq〉W ′

q − 〈X′, θq〉Wq))

= (0, ρθ(X)W ′ − ρθ(X
′)W), (11)

X,X′ ∈ Rk.
The product on the simply connected Lie groupGθ = Rk �θ Hq with Lie algebragθ is

given as follows:

(X,W) · (X′,W ′) = (X+X′, W + θ(X)W ′), (12)

whereX,X′ ∈ Rk, W,W ′ ∈ Hq,W ′ = (W ′
1, . . . ,W

′
q) and

θ(X)W ′ = (ei〈X,θ1〉W ′
1, . . . ,e

i〈X,θq〉W ′
q). (13)

Using that (X,W)−1 = −(X, θ(−X)W), conjugation by (X,W) is given as follows:

I(X,W)(X
′,W ′) = (X,W) · (X′,W ′) · (X,W)−1 = (X′,W + θ(X)W ′ − θ(X′)W)

and therefore

Ad(X,W)(X′,W ′)= (X′, θ(X)W ′) + [(0,W), (X′,0)]= (X′, θ(X)W ′ − ρθ(X
′)W),

(14)

for X,X′ ∈ Rk,W,W ′ ∈ Hq.
In coordinates (x1, . . . , xk,W1, . . . ,Wq), whereWj = (uj, yj, zj, wj), the left invariant

flat metricg onRk �ρθ H
q is the Euclidean metric

g =
k∑
j=1

dx2
j +

q∑
j=1

(du2
j + dy2

j + dz2
j + dw2

j ).
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For the constructions of the next section, we will need to express the Euclidean metric
onHq in suitable coordinates. Any quaternion may be written as

Wβ = eiψβ/2aβ, β = 1, . . . , q,

with ψβ ∈ (0,4π] andaβ a pure imaginary quaternion, so that ¯aβ = −aβ. Let

rβ = W̄βiWβ = āβiaβ = −aβiaβ.

The flat metric onHq in coordinates (ψβ, rβ), β = 1, . . . , q, is given by

1

4

q∑
β=1

(
1

rβ
dr2
β + rβ(dψβ + �β · drβ)2

)
, (15)

where

rβ = |rβ|, curl(�β) = grad

(
1

rβ

)

(the curl and grad operations are taken with respect to the Euclidean metric onR
3 with

cartesian coordinatesrβ).

4. Main properties of the hyper-Kähler quotient metrics

According toProposition 3.2any simply connected Lie group with a left invariant hyper-
Kähler structure is of the formGθ = Rs × (Rk �θ Hq) (k ≤ q, s+ k = 4p) with the hyper-
Kähler metricg = g1 × g2, whereg1 is the Euclidean metric onRs × Rk andg2 is the
Euclidean metric onHq. Let gθ be the Lie algebra ofGθ. The associated K̈ahler forms:

ωα((X1,W1), (X2,W2)) = g(Jα(X1,W1), (X2,W2)), (X1,W1), (X2,W2) ∈ gθ,

α = 1,2,3, when left translated toGθ become:

ωα = ω1
α + ω2

α,

whereωjα, j = 1,2, α = 1,2,3, are the standard symplectic forms on a vector space. There-
fore, (Gθ, g, ωα) is equivalent, as a hyper-Kähler manifold, to the product

(Rs × Rk, g1, {ω1
α}) × (Hq, g2, {ω2

α}). (16)

We will apply the hyper-K̈ahler quotient construction in[8] to the case whenL is the
connected closed abelian Lie subgroupRl ⊂ Rk with Lie algebral = spanR{e1, . . . , el}
such thatl is isotropic with respect toωα for eachα. The action ofL onGθ will be given
by left translations, therefore it preserves the hyper-Kähler structure. We recall next the
quotient construction in our particular case.
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LetXV be the vector field generated by the action ofL, that is, the right invariant vector
field such thatXV e = V , whereV ∈ l. Observe that

0 = LXV ωα = d(i(XV )ωα) + i(XV ) dωα,

wherei(XV )ωα denotes the 1-form obtained by taking the interior product withXV . Since
the action is symplectic with respect toωα, α = 1,2,3, we have thati(XV )ωα, α = 1,2,3,
is closed.Gθ is simply connected, thusH1

dR(Gθ,R) = {0} andi(XV )ωα is exact, that is,

i(XV )ωα = d(µθα)V ,

where (µθα)V is a Hamiltonian function associated toV. Putting all these functions together,
we obtain a map into the dual space of the Lie algebra ofL

µθα : Gθ → l∗

defined by

µθα(X,W)(V ) = (µθα)V (X,W).

There is a choice of constants in the definition ofµθα, since each function (µθα)V is determined
up to an additive constant. When the ambiguities in the choices of (µθα)V can be adjusted to
makeµθα L-equivariant, whereL acts onl∗ by the coadjoint action, one has the hyper-Kähler
moment map

µθ : Gθ → l∗ ⊗ ImH,

defined byµθ = µθ1i+ µθ2j + µθ3k. Our choice ofL implies thatµθα is L-equivariant for
eachα. Indeed, the actionA of L onGθ given by left translations:

A : L × Gθ → Gθ, ((V,0), (X,W)) → (V,0) · (X,W) = (V +X, θ(V )W)

(17)

(recall(12)) can be viewed as a diagonal action ofL:

A(V )(X,W) = (A1(V )X,A2(V )W),

whereA1 acts by left translations onRs × Rk andA2 is a linear symplectic action onHq.
The moment mapµθα corresponding toA can be obtained by adding up the moment maps
of A1 andA2 since(16)holds. By a direct calculation one has:

µθα(X,W)(V ) = ωα(V,X) + 1

2
ωα(ρθ(V )W,W).

The L-equivariance of the first term follows sinceL is isotropic and the second term is
L-equivariant since it is the moment map of a linear action on a symplectic vector space
(see[6]).
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Let ξ ∈ z⊗ R3 be a regular value forµθ, wherez is the subspace ofl∗ of invariant
elements under the coadjoint action, and consider the quotient space,L\(µθ)−1(ξ).

Our hypotheses imply:

(1) z coincides withl∗ sinceL is abelian;
(2) the action ofL onGθ is free, hence it is free on (µθ)−1(ξ), for anyξ = ξ1i+ ξ2j + ξ3k

in the image Imµθ of µθ. In particular, anyξ ∈ Imµθ is a regular value of the hyper-
Kähler moment map;

(3) sinceL is closed inGθ and acts by left translations, the set of right cosetsL\Gθ is a
complete Riemannian manifold, not necessarily homogeneous.

In the next theorem we show thatL\(µθ)
−1

(ξ) is a Hausdorff manifold for anyξ ∈ Imµθ,
therefore, according to[8], the hyper-K̈ahler metric onGθ induces a hyper-K̈ahler metric
onL\(µθ)−1(ξ). We also state the main properties of the resulting metrics.

Theorem 4.1. Let (Gθ, {Jα}, g) be a simply connected hyper-Kähler Lie group, so that
Gθ = Rs × (Rk �θ Hq), k ≤ q, s+ k = 4p. Fix a connected closed abelian isotropic sub-
group L ⊂ Rk acting on Gθ by the action A as in (17) and denote by π : Gθ → L\Gθ the
associated Riemannian submersion. Then

(1) The action A of L on Gθ is free and preserves both, the metric g and the symplectic
forms ωα, α = 1,2,3. The L-equivariant moment map is µθ = µθ1i+ µθ2j + µθ3k, with
µθα given by

µθα(X,W)(V ) = ωα(V,X) + 1

2
ωα(ρθ(V )W,W),

for any X ∈ Rs × Rk,W ∈ Hq, V ∈ l.
(2) L\Gθ is a complete Riemannian manifold of non negative sectional curvature. More-

over, the fibers of π are totally geodesic;
(3) For any ξ ∈ Imµθ, L\(µθ)−1(ξ) is a closed embedded submanifold of L\Gθ;
(4) The metric on L\(µθ)−1(ξ) which makes π a Riemannian submersion coincides with

the restriction of the given one in L\Gθ. In particular, the hyper-Kähler metric on the
quotient L\(µθ)−1(ξ) is complete.

Proof. The proof of part (1) was done in the paragraph containing Eq.(17).
The left invariant metricg onGθ induces in a natural way a metric ˜g onL\Gθ such that

the natural projection

π : (Gθ, g) → (L\Gθ, g̃)

is a Riemannian submersion. The completeness ofg implies thatg̃ is also complete (see
[7]). By O’Neill’s formula ([14, 3, Corollary 1]), the sectional curvature ofL\Gθ is non
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negative. Note thatl ⊂ [gθ, gθ]
⊥, hence the fibers ofπ are totally geodesic since∇T V = 0

for T, V ∈ l (seeProposition 2.1). This proves part (2).
If ξ ∈ Imµθ, thenξ is a regular value ofµθ and sinceµθ is L-equivariant, it induces a

map

µ̃θ : L\Gθ → l∗ ⊗ ImH.

We haveL\(µθ)−1(ξ) = (µ̃θ)−1(ξ), andξ is a regular value of ˜µθ, thereforeL\(µθ)−1(ξ)
is a closedd-dimensional embedded submanifold ofL\Gθ (d = dim Gθ − 4 dim L), and
part (3) follows.

The first claim of part (4) follows from the fact that the metric on (µθ)−1(ξ) is the
one induced from (Gθ, g) and by observing thatπ is a Riemannian submersion. This,
together with parts (2) and (3), implies that the induced hyper-Kähler metric on the quotient
L\(µθ)−1(ξ) is complete. �

5. Examples

In the next examples we show that it is possible to describe several known families
of hyper-K̈ahler metrics[4] in a unified way, by applying the quotient construction to
hyper-K̈ahler Lie groupsG under the action of a suitable closed abelian subgroupL by left
translations.

5.1. Taub-Nut metric

Let gθ be the one parameter family of hyper-Kähler Lie algebras in dimension 8 (see
(10)) andGθ the corresponding simply connected Lie groups. LetL � R be the sub-
group ofGθ = H�θ H given byL = {(t,0), t ∈ R}, acting onGθ by left translations,
that is:

L×Gθ → Gθ, (t, (q,w)) → (t + q,eiθtw).

Observe that ImH acts trivially on the second factor. The corresponding hyper-Kähler
moment map is

µθ = −Im(q) − θ

2
(Re(iwiw̄)i+ Re(iwjw̄)j + Re(iwkw̄)k) = −Im(q) + θ

2
w̄iw.

It can be checked thatµθ is L-equivariant. The complete hyper-Kähler metric on
L\(µθ)−1(0) is the Taub-Nut metric with parameterθ−1 [4].
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5.2. Generalized Taubian-Calabi metric

Let θ = (θ1, . . . , θm) ∈ Rm, Gθ = H�θ Hm andL = {(t,0) : t ∈ R} acting onGθ by
left translations:

L×Gθ → Gθ, (t, (q,w1, . . . , wm)) → (t + q,eiθ1tw1, . . . ,e
iθmtwm).

Form = 1 this is the Lie group considered in the first example. The corresponding hyper-
Kähler moment map is

µθ = −Im(q) − 1

2

m∑
β=1

θβ(Re(iwβiwβ)i+ Re(iwβjwβ)j + Re(iwβkwβ)k)

= − Im(q) + 1

2

m∑
β=1

θβwβiwβ.

Whenθβ = 1, for eachβ, the complete hyper-K̈ahler metric onL\(µθ)−1(0) coincides with
the Taubian-Calabi metric[16,4].

5.3. Lee–Weinberg–Yi metric

Let θ ∈ GL(m,R), Gθ = Hm �θ Hm andL � Rm defined by

L = {((t1, . . . , tm),0) : ti ∈ R}

acting onGθ by left translations:

L×Gθ → Gθ, ((t1, . . . , tm), (q1, . . . , qm,w1, . . . , wm))

→ (t1 + q1, . . . , tm + qm,e
i〈θ1,T 〉w1, . . . ,e

i〈θm,T 〉wm),

whereT = (t1, . . . , tm), θβ are the rows ofθ and〈 , 〉 is the Euclidean inner product inRm.
The corresponding hyper-K̈ahler moment map is

µθ =

−Im(q1) + 1

2

m∑
β=1

θ1
βwβiwβ, . . . ,−Im(qm) + 1

2

m∑
β=1

θmβ wβiwβ


 .

The complete hyper-K̈ahler metric onL\(µθ)−1(0) is the Lee–Weinberg–Yi metric with
(λab) = θ−1 [11,13,4].

6. Topology of the quotient and local description of the metrics

LetGθ be the simply connected hyper-Kähler Lie groupRs × (Rk �θ Hq) (s+ k = 4p,
k ≤ q), θ ∈ M(k, q; k) andθ(Hq) = Hq. LetL ⊂ Rk be a closed abelian subgroup with Lie
algebral = spanR{e1, . . . , el} such thatl is isotropic with respect toωα, for eachα.
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Let T q be the maximal torus of Sp(q) with Lie algebratq (see(8)) whose elements are
of the form:

B =



B(φ1)

...

B(φq)


 , (18)

whereφβ ∈ R andB(φβ) is the following 4× 4 real matrix:




cos(φβ) − sin(φβ) 0 0

sin(φβ) cos(φβ) 0 0

0 0 cos(φβ) − sin(φβ)

0 0 sin(φβ) cos(φβ)


 .

We have an actionϕ of T q onGθ:

ϕ : T q ×Gθ → Gθ, (B, (X,W)) → ϕ(B, (X,W)) = (X,BW), (19)

whereBW stands for the product of the 4q× 4q matrix B given in (18) by the column
vectorW ∈ Hq ∼= R4q. Note that the actionϕ commutes withA (see(17)) and both,A and
ϕ, preserve the metric and are tri-holomorphic. Therefore,T q also acts on the hyper-K̈ahler
quotientL\(µθ)−1(ξ) by tri-holomorphic isometries.

In the next theorem we give the explicit description of the moment map together with
properties of theT q-action.

Theorem 6.1. Let Gθ = Rs × (Rk �θ Hq) be a hyper-Kähler Lie group, s+ k = 4p, θ ∈
M(k, q; k), L the connected closed abelian isotropic subgroup L ⊂ Rk defined above and
A, ϕ as in (17) and (19). Then:

(1) The expression of the moment map is

µθ(X,W) =

−ImX1 + 1

2

q∑
β=1

θ1
βWβiWβ, . . . ,−ImXl + 1

2

q∑
β=1

θlβWβ iWβ


 ,
(20)

for (X,W) ∈ Gθ.
(2) We have the following diffeomorphisms:

L\(µθ)−1(ξ) ∼= R4p+4q−4l, for any ξ ∈ Imµθ, L\Gθ ∼= R4p+4q−l.

(3) The torus T q acts on L\(µθ)−1(ξ) by tri-holomorphic isometries. If l = p = q, the
action of T q on the 4q-dimensional quotient has a unique fixed point.
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Proof. We start by proving part (2). In order to do it we will find global coordinates on
L\(µθ)−1(ξ) andL\Gθ. For (X,W) ∈ Gθ, (T,0) ∈ L, set

X =
p∑
α=1

eα(xα + bαi+ sαj + pαk), T =
l∑

α=1

tαeα, (21)

W =
q∑
α=1

fα(uα + yαi+ zαj + wαk). (22)

It follows that (xα, bγ , sγ , pγ, uβ, yβ, zβ,wβ), with α = l+ 1, . . . , p, γ = l, . . . , p, β =
1, . . . , q, are global coordinates onL\Gθ and thereforeL\Gθ is diffeomorphic toR4p+4q−l.
Using the fact that the hypercomplex structure corresponds to

J1 = R−i, J2 = R−j, J3 = R−k

and that the metricg is such that the real basis

{eα, eαi, eαj, eαk, fβ, fβi, fβj, fβk,1 ≤ α ≤ p, 1 ≤ β ≤ q}

is orthonormal, we get, usingTheorem 4.1, the following expressions for the moment maps
µθγ , γ = 1,2,3, in terms of the real coordinates onHp andHq:

µθ1(X,W)(T ) = −
l∑

α=1

bαtα + 1

2

l∑
α=1

tα


 q∑
β=1

θαβ(u2
β + y2

β − z2
β − w2

β)




= g


T, l∑

α=1


−bα + 1

2

q∑
β=1

θαβ(u2
β + y2

β − z2
β − w2

β)


 eα


 ,

µθ2(X,W)(T ) = −
l∑

α=1

sαtα +
l∑

α=1

tα


 q∑
β=1

θαβ(−uβwβ + zβyβ)




= g


T, l∑

α=1


−sα +

q∑
β=1

θαβ(−uβwβ + zβyβ)


 eα


 ,

µθ3(X,W)(T ) = −
l∑

α=1

pαtα +
l∑

α=1

tα


 q∑
β=1

θαβ(uβzβ + wβyβ)




= g


T, l∑

α=1


−pα +

q∑
β=1

θαβ(uβzβ + wβyβ)


 eα


 ,
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or, equivalently,(20) holds and part (1) follows. On (µθ)−1(ξ) one has the following rela-
tions:

bα + (ξ1)α = 1

2

q∑
β=1

θαβ(u2
β + y2

β − z2
β − w2

β),

sα + (ξ2)α = −
q∑
β=1

θαβ(uβwβ − zβyβ), pα + (ξ3)α =
q∑
β=1

θαβ(uβzβ + wβyβ),

for anyα = 1 . . . , l, whereξj =∑l
α=1(ξj)αeα, j = 1,2,3, and we think ofξ = ξ1i+ ξ2j +

ξ3k as an element ofl⊗ ImH by means of the identification betweenl andl∗ given by the
restriction ofg1 to l. Thus, one has that (xα, bγ , sγ , pγ, uβ, yβ, zβ,wβ), with α = 1, . . . , p,
γ = l+ 1, . . . , p, β = 1, . . . , q, are global coordinates on (µθ)−1(ξ).

Since the action ofRl leavesxγ, bγ , sγ , pγ , γ ≥ l+ 1, invariant, and rotates the co-
ordinatesuβ, yβ, zβ,wβ, β = 1, . . . , q, one has that (xγ, bγ , sγ , pγ, uβ, yβ, zβ,wβ), with
γ = l+ 1, . . . , p, β = 1, . . . , q, are global coordinates onL\(µθ)−1(ξ). It follows that the
quotient space is diffeomorphic toR4p+4q−4l.

For part (3), it follows from(19) that:

ϕ(B)(X,W) = (X,BW),

B ∈ T q, (X,W) ∈ Gθ. Since the moment mapµθ satisfies

µθ(ϕ(B)(X,W)) = µθ(X,W),

thenϕpreserves (µθ)−1(ξ). In particular, the hyper-K̈ahler quotient admits a tri-holomorphic
action of the torusT q.

Assume next thatl = p = q, hencel⊕ J1l⊕ J2l⊕ J3l = R4p. Setξ = ξ1i+ ξ2j + ξ3k,
where

ξj =
l∑

α=1

(ξj)αeα ∈ l, j = 1,2,3.

We will considerξ ∈ R4p by means of the inclusionξ ↪→ J1ξ1 + J2ξ2 + J3ξ3. Letπ be the
natural projection from (µθ)−1(ξ) ontoL\(µθ)−1(ξ). If (X,W) ∈ (µθ)−1(ξ), thenπ(X,W)
is a fixed point for the action ofT q if and only if

(V,0) · (X,W) · (V,0)−1 · (X,W)−1 ∈ L

for everyV ∈ Rq. We will show thatπ(X,W) = π(ξ,0), that is,π(ξ,0) is the unique fixed
point. Using(19) and (12)we calculate

(V,0) · (X,W) · (V,0)−1 · (X,W)−1 = (V,0) · (−V,W − (−V ) ·W)

= (0, V ·W −W)
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which lies inL if and only if V ·W = W for everyV ∈ Rq, henceW = 0. Since (X,0) ∈
(µθ)−1(ξ) it follows thatωα(V,X) = g(ξα, V ) for everyV ∈ l, α = 1,2,3. Sincel⊕ J1l⊕
J2l⊕ J3l = R4p, the l component ofJαX is ξα, or, equivalently,X+ ξ ∈ l. Therefore
π(X,0) = π(ξ,0), as asserted. �

Using the fact that the quotient admits a tri-holomorphicT q-action, we can obtain the
local expression of the hyper-Kähler metric in terms of the structure constants of the Lie
groupGθ.

Observe that, ifl = p, the quotient has dimension 4q, thus by[10,15]the induced hyper-
Kähler metric can be locally written as follows:

1

4
Hβγdrβ · drγ + 1

4
Hβγ (dτβ + �βδ · drδ)(dτγ + �γε · drε), (23)

whereβ, γ = 1, . . . , q, (Hβγ ) is the inverse of the matrix (Hβγ ). The Killing vector fields
∂
∂τβ

generate theT q-action,ψβ, rβ are defined as in(15) and we use the Einstein sum-
mation convention. Ifl < p, the quotient splits as Riemannian product of the flat Eu-
clidean spaceR4p−4l by a 4q-dimensional hyper-K̈ahler manifold with a tri-holomorphic
T q-action.

Theorem 6.2. The local expression of the hyper-Kähler metric on the quotientL\(µθ)−1(ξ)
has the form h = h0 + h1, where h0 is the Euclidean metric on R4p−4l and h1 is given by
(23), with

Hβγ = (θ̃θ̃t)βγ + 1

rβ
δβγ . (24)

θ̃ is the q× l matrix obtained from θ by deleting the last p− l columns, θ̃t is its transpose
and rβ = |rβ|.

Proof. The actionA of L onGθ (recall (17)) in the coordinates (xα, bα, sα, pα, ψβ, rβ) is
given by

L×Gθ → Gθ, (T, (Xα,ψβ, rβ)) → (Xα + tα, ψβ + 2〈θβ, T 〉, rβ),

with α = 1, . . . , p, tα = 0 for α > l, β = 1, . . . , q andψβ, rβ are defined as in(15).
The previous action leaves

τβ = ψβ − 2
p∑
α=1

θαβxα, β = 1, . . . , q,

invariant and ∂
∂τβ

are Killing vector fields for the quotient hyper-Kähler metric and generate
theT q-action induced by(19).
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On (µθ)−1(ξ) one has

ImXα + ξα = 1

2

q∑
β=1

θαβrβ, α = 1, . . . , l,

whereξα = (ξ1)αi+ (ξ2)αj + (ξ3)αk, so the metric on (µθ)−1(0) is given by

p∑
α=1

dx2
α +

p∑
α=l+1

d(ImXα)2 + 1

4

l∑
α=1


 q∑
β=1

θαβ drβ




2

+ 1

4

q∑
β=1

(
1

rβ
dr2
β + rβ(dψβ + �β · drβ)2

)
.

Projecting orthogonally onto the space spanned by the Killing vector fields∂
∂xα

,α = 1, . . . , l,
one gets that, locally, the metric on the quotient is given byh = h0 + h1, where

h0 =
p∑

α=l+1

(dx2
α + d(ImXα)2)

andh1 is given by(23)with the matrixH as in(24). �
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[8] N.J. Hitchin, A. Karlhede, U. Lindstr̈om, M. Rǒcek, Hyper-K̈ahler metrics and supersymmetry, Commun.
Math. Phys. 108 (1987) 535–589.

[9] O. Kowalski, F. Tricerri, L. Vanhecke, Curvature homogeneous spaces with a solvable Lie group as homo-
geneous model, J. Math. Soc. Jpn. 44 (1992) 461–484.
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